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The aim of this talk is to present an extension of Sahlqvist theory [9] to the fragments of
intuitionistic logic IPC associated with the varieties PSL, (b)ISL,PDL, IL and HA, of pseudocom-
plemented semilattices, (bounded) implicative semilatices, pseudocomplemented distributive
lattices and Heyting algebras, respectively. This result will serves as a basis for another talk in
this seminar, namely [4].

Consider the modal language

L2 ::= x | φ ∧ ψ | φ ∨ ψ | φ→ ψ | ¬φ | 2φ | 3φ | 0 | 1.

Formulas of L2 will be assumed to have variables in a denumerable set V ar = {xn : n ∈ Z+}
and arbitrary elements of V ar will often be denoted by x, y, and z.

Definition 1. Let φ be a formula of L2 and x a variable. An occurrence of x in φ is said to be
positive (resp. negative) if the sum of negations and antecedents of implications within whose
scopes it appears is even (resp. odd). Moreover, we say a x is positive (resp. negative) in φ if every
occurrence of x in φ is positive (resp. negative). Lastly, φ is said to be positive (resp. negative) if
every variable is positive (resp. negative) in φ.

Formulas of the form 2nxwith x ∈ V ar and n ∈ N will be called boxed atoms.

Definition 2. A formula of L2 is said to be

(i) a Sahlqvist antecedent if it is constructed from boxed atoms, negative formulas and the
constants 0 and 1 using only ∧, ∨ and 3;

(ii) a Sahlqvist implication if either it is positive, or it is of the form ¬φ for a Sahlqvist antecedent
φ, or it is of the form φ→ ψ for a Sahlqvist antecedent φ and a positive formula ψ.

Remark 3. When applied to modal logic, our definition of a Sahlqvist implication is intentionally
redundant. For if φ is positive and ψ a Sahlqvist antecedent, then φ is equivalent to 1 → φ and
¬ψ is equivalent to ψ → 0. ⊠

Definition 4. A Sahlqvist quasiequation is a universal sentence of the form

∀x⃗, y, z((φ1(x⃗) ∧ y ⩽ z& . . .&φn(x⃗) ∧ y ⩽ z) =⇒ y ⩽ z),

where y and z are distinct variables that do not occur in φ1, . . . , φn and each φi is constructed
from Sahlqvist implications using only ∧,∨, and 2.
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Remark 5. The role of Sahlqvist quasiequations is usually played by the so-called Sahlqvist
formulas, i.e., formulas that can be constructed from Sahlqvist implications using only ∧,∨, and
2. To clarify the relation between Sahlqvist quasiequations and formulas, recall that a modal
algebra is a structure ⟨A;∧,∨,¬,2, 0, 1⟩where ⟨A;∧,∨,¬, 0, 1⟩ is a Boolean algebra and for every
a, b ∈ A,

2(a ∧ b) = 2a ∧2b and 21 = 1.

Then, a Sahlqvist quasiequation Φ = ∀x⃗, y, z((φ1(x⃗)∧ y ⩽ z& . . .&φn(x⃗)∧ y ⩽ z) =⇒ y ⩽ z) is
valid in a modal algebraA if and only ifA ⊨ φ1∨· · ·∨φn. The focus on Sahlqvist quasiequations
(as opposed to formulas) is motivated by the fact that we deal with fragments where equations
have a very limited expressive power. For instance, in PSL there are only three nonequivalent
equations [8], while there are infinitely many nonequivalent Sahlqvist quasiequations. ⊠

With every Kripke frame X = ⟨X,R⟩we can associate a modal algebra

PM(X) := ⟨P(X);∩,∪,¬,2, ∅, X⟩,

where ¬ and 2 are defined for every Y ⊆ X as

¬Y := X ∖ Y and 2Y := {x ∈ X : if ⟨x, y⟩ ∈ R, then y ∈ Y }.

Conversely, with a modal algebra A we can associate a Kripke frame A+ := ⟨X,R⟩, where X is
the set of ultrafilters of A and

R := {⟨F,G⟩ ∈ X ×X : for every a ∈ A, if 2a ∈ F , then a ∈ G}.

Our aim is to extend the next classical version of Sahlqvist Theorem to the above-mentioned
fragments of IPC.

Theorem 6. The following conditions hold for a Sahlqvist quasiequation Φ:

(i) Canonicity: If a modal algebraA validates Φ, then alsoPM(A+) validates Φ;

(ii) Correspondence: There is an effectively computable first order sentence tr(Φ) in the language of
Kripke frames such thatPM(X) ⊨ Φ iff X ⊨ tr(Φ), for every Kripke frame X.

In order to do so, first we extend Sahlqvist Theorem to IPC using Gödel translation of IPC
into S4 [7] and its duality theoretic interpretation (see, e.g., [2]). Then, we individuate a
correspondence between homomorphisms in the varieties PSL, (b)ISL, PDL, IL, and HA and
appropriate partial functions between (possibly empty) posets that generalize the notion of a
p-morphism typical of Esakia duality for Heyting algebras [5, 6]. Our approach is inspired by
[1].

For a poset X and Y ⊆ X , let

↑XY := {x ∈ X : there exists y ∈ Y s.t. y ⩽ x};
↓XY := {x ∈ X : there exists y ∈ Y s.t. x ⩽ y}.

Definition 7. An order preserving partial function p : X⇀ Y between posets is

(i) a partial negative p-morphism if

X = ↓X{x ∈ X : ↑Xx ⊆ dom(p)}

and for every x ∈ dom(p) and y ∈ Y ,

if p(x) ⩽Y y, there exists z ∈ dom(p) s.t. x ⩽X z and y ⩽Y p(z);
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(ii) a partial positive p-morphism if for every x ∈ dom(p) and y ∈ Y ,

if p(x) ⩽Y y, there exists z ∈ dom(p) s.t. x ⩽X z and y = p(z);

(iii) a partial p-morphism if it is both a partial negative p-morphism and a partial positive
p-morphism.

When p is a total function, we drop the adjective partial in the above definitions.

With every variety K among PSL, (b)ISL,PDL, IL, and HAwe associate a collection K∂ con-
sisting of the class of all posets with suitable partial functions between them as follows:1

PSL∂ := the collection of posets with partial negative p-morphisms;
ISL∂ := the collection of posets with partial positive p-morphisms;

bISL∂ := the collection of posets with partial p-morphisms;
PDL∂ := the collection of posets with negative p-morphisms;

IL∂ := the collection of posets with almost total partial positive p-morphisms;
HA∂ := the collection of posets with p-morphisms.

We will refer to the partial functions in K∂ as to the arrows of K∂ . Given A,B ∈ K and a
homomorphism f : A → B, let f∗ : B∗ ⇀ A∗ be the partial function between the posets of meet
irreducible filters of B and ofA respectively, with

dom(f∗) := {F ∈ B∗ : f−1[F ] ∈ A∗}

defined as f∗(F ) := f−1[F ] for every F ∈ dom(f∗). Conversely, given a poset X, let UpK(X) be
the reduct in the language of K of the Heyting algebra

⟨Up(X);∩,∪,→, ∅, X⟩,

where Up(X) is the set of upsets of X and→ is defined by

U → V := X ∖ ↓(U ∖ V ).

Lastly, given an arrow p : X⇀ Y in K∂ , let UpK(p) : UpK(Y) → UpK(X) be the map defined for
every U ∈ UpK(Y) as UpK(p)(U) := X ∖ ↓Xp−1[Y ∖ U ].
Remark 8. In the case of HA, the applications (−)∗ and Up(−) are the contravariant functors
underlying Esakia duality [5, 6]. ⊠

Proposition 9. Let K be a variety among PSL, (b)ISL,PDL, IL, and HA. The following conditions hold
for everyA,B ∈ K and every pair X,Y of posets:

(i) If f : A → B is a homomorphism, then f∗ : B∗ ⇀ A∗ is an arrow in K∂ ;

(ii) If p : X⇀ Y is an arrow in K∂ , then UpK(p) : UpK(Y) → UpK(X) is a homomorphism.

Furthermore, if f is injective (resp. p is surjective), then f∗ is surjective (resp. UpK(p) is injective).

1The collection K∂ need not be a category in general.
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By making use of Proposition 9, one can extend Sahlqvist Theorem 6 as announced, in the
following way:

Theorem 10. The following conditions hold for every variety K between PSL, (b)ISL,PDL, IL and HA
and every Sahlqvist quasiequation Φ in the language of K:

(i) Canonicity: For everyA ∈ K, ifA validates Φ, then also UpK(A∗) validates Φ;

(ii) Correspondence: There exists an effectively computable sentence tr(Φ) in the language of posets
such that UpK(X) ⊨ Φ iff X ⊨ tr(Φ), for every poset X.

These results are collected in the manuscript [3].
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