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Abstract

The intersection of mathematical logic and topology has been a vibrant area of research
for several decades. McKinsey and Tarski’s seminal work on the topological interpretation
of modal logic [11, 12], played a crucial role in establishing the relationship between logic
and topology. Additionally, McKinsey and Tarski developed an algebraic and topological
framework for Intuitionistic Logic (IL) and Modal Logics (ML) [12, 13], demonstrating
that topological spaces can serve as interpretation models for IL and ML. Tarski further
proved that S4 is complete with respect to topological spaces [16], while McKinsey and
Tarski showed that S4 is the modal logic of real numbers in 1944 [12]. Various articles offer
additional insights into these topics [3, 2, 14], and alternative approaches can be found in
the works of Lawvere [8] and Goldblatt [5]. In Universal Logic, Lewitzka presents a different
approach to logical systems [9, 10], constructing a theory of logical representations (a logic
map) to leverage the fact that every logical system can define a topology within its theory
set. In this abstract we propose the study of logic and topology independently from the
underlying logic.

Our approach is based on the theory of institutions. Institutions constitute the main
branch of the categorical abstract model theory, which formalizes the notion of a logical
system, including syntax, semantics and the satisfaction relation between them [1]. An
institution T = (Sigz, Sen®, Mod?, |:I) consists of (a) a category Sig”, the objects of
which are called signatures; (b) a functor Sen” : SigZ? — Set such that it assigns a
set the elements of which are called sentences over each signature; (c) a functor Mod” :
(SigI)Op — CAT giving a category the objects of which are called ¥-models and the arrows
of which are called Z-morphisms for each signature ¥, and (d) a relation =£C ’Modz (%) ’ X
Sen® (X) foreach X € |SigI’, called X-satisfaction such that for each morphism ¢ : ¥ — ¥’
in Sig”F, the satisfaction condition.

For every signature ¥ we define a class of topologies over the category of models
Mod(X) based on the class of subsets of Sen(X), this class being closed under union.
We consider the morphisms of model categories Mod(¢) : Mod(X') — Mod(X) induced
by signature morphisms ¢ : ¥’ — ¥ standing for change of notation. We investigate the
broader possible class of topologies in Mod(X) whose members are mapped to topologies
in Mod(¥') via the arrow Mod '(¢), as well as the broader possible class of topolo-
gies in Mod(X’) whose members are mapped to topologies in Mod(X) via Mod(¢) [7].
Furthermore, we investigate under which circumstances (ie additional properties of such
morphisms) an additional structure of topologies is preserved. The questions that arise
from this inquiry are on the model theoretic properties of these topologies. We prove
several theorems in this direction, such as that the class of topologies includes topologies
defined over categories of elementary equivalent models (ie. models that satisfy the same
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sentences), and the essential link between elementary equivalent models and the intersec-
tion preserving properties. Finally, we attempt to generalize our inquiry to Grothendieck
topologies, given institutions with the appropriate categorical properties.

These findings contribute and generalize the results from [6, 15] and new results from
[4]. In [6], the author has introduced the notion of topological semantics in the framework
of abstract model theory through institution-independent theory. Within this framework,
semantic completeness can be explored through topological concepts.
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